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I. FREE FLOW

Free Flov i3 & theorstical study of the flow of thin layers of a

viscous liquid under the influsnce’of a constant volumetric forue.

and vith surfroe tension taken into oonsideration. An approximate.

solution of ths flov equation was found, vhich showed that the .-
vave flov experimentally traced by a number of authors appears ” '
more stable than tae laminar flov., There was obtainsd the form of |
the vave profils, phase velocity, and amplitude. The theorstiocal

guantities, fows for the oritical valuss of Rey at vhich the wave ,

flov bogins, coincide vith erperiments. The wave character of the

f1lrw quantitatively explains the rapid diffusion of dye along a

ligquid stream, as rbserved by Friedman and Millor.

Introdustion . S
The flow and nature of a liquid, bouried by a hard wvall and ¢ free surface

over a thin layer, up to 1-2 sm in thickness, is asserted to be basicsily com-

trolled by its viscosity. The hydrodynemic problem in this case comes to be

ons of the simplest problems of laminar flow. It also gives the well known

cubis relatiomship between the thickness of the layer and “he discharge of the

liquid per wnit width of flov Q, The critericn for tre stability of such &

laminar flow is given by Reynold's m:, which is equal to 1
Re=4Qv-1 () |
‘ ]
-1 -
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Wbﬁ:e Y 1s the kinematis 7issceity. EBxperimermtally, the momt studled cwse of "
foord thov is ths Plow dowz & vertlsal wall due to grsvity. Investigations by S .
& Lnr »f enthors have ghowa that tia oubic law of laminar flow is quantita-

svaty weil substattisted by testa in the range of Reynold‘'s numbers up to

1,500, vhen turbuleat flow coours, In these lnvestigations the thickness of

the izysr was detormined by meesuring the volume of the liguid found on the

wll,

-k"r-“da (2) mespured the thiclmess cf the ligquid layer with a miorcmeter
zt 1% aprears tc be Freabur tusn tiat obtalred by the laminar rule;
g thia to be due to wmves 9xisting on the free suwrfacs.

v The wave shecwnshar of the flow ¥vas elsc uncoversd by Fallah, Bunter and
N Bes: (3}, Taeln wed showed that this wave character of moticn. ocours at Re
i o %3« .. Thus 1= was fouwrd that “his motion, which wae supposed to be simple
: lay_ ez, appesrs ae a wave for almost ell values of Re., To investigate the
nat:re of thig flow, F-iedmar ard Miller (1) put a dye into the atream to ecule
oulste the maximum rete of flow., The cpaed ~f diffusion of the dya vau 13
tinss faster than the flow of the murfuss lg)+r of the 'liquid, which ie greatest SR . .
1% leninar flow, . : R )

: Thage investigations showsd ths* the law of lamivar flow is only part of
o8 . - the “ctel effest asd relates te the s~arage thizkness of the layer Jjust ae the
vaturs of the flow 1s dlstisguisked o simple lamivar. The cause of this
differspse ghould obricusly be sought o thoes hydrodynamis equatione in which
the force of surface temsiop is not tekern irto coneideration, In the flow of
liquid with low viscosity and in t:2ix ‘sysrs, >ven with slight deformation of
the free surface, the force of surfass tensiin assumes significant propartioms,
fully somparable to the forces of wissosisy. It will be shown, 1f ascounting
for the forces of capillarity, that wave flow even at low velooities antually
appears more stabls than eimple laminar flow.

The existence of & more stable wave flow has as important meaning in that
$4 perzita an explanatiom and descriptlon of a series of well-known physloal
sfTentu, chgerred in trs flow ¢f tnir layers, which were nct very *ell under-

. stcod up o this tims. Of thess offests, ws will exemire iz this vork the flow
R Lo of & itqusd *ue to the srticm of & gas stream over ?}'e free surface of the liq-
: o : wld et hsa. translfer in %,

Basls Relahiors
Bopldes the rhysiocal dimeus! :ons. charecherieing the flow, there will he

density @ , visocosity M ard girface texrsiar o . For comvenlence, ws will
introdace ths quantity * § (Kzemtic eurfeoce tezsicn):

-
== 2)
¢ (
B We will comsider that the meiic: I5 main“eined by a constant volumetric

forse.

The istter 3 in the following formulas sball designate the acceleratiaca,
due tc thip forse. ir the directiom of the flow, Usuvally J appears as the
asseleration due tc gra=ity or ‘o cea*rifugal force. The flow is two dimen-
sicomal snd along “he X ax's; “Le y Joordinaste tegins at a distance &g from
the vall (Figure 1), The var 1able thiclowss cf the layer ie designated by a.
Velosity compunen‘s at sny peint in the curren’ is designated Vy and Vy. The
average Telocity slomg the X-~axis in Any geoticn will bte designated by V; it

eque.ls
V=% SVX' dy 3)
o

“? -
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Exemining the 'natew a.al ua.a.m.a cf the svra&m for t,::u ul-s.aan' dx, we bave

2 x of iy

The equation of the free swface of the Tlowing layer is deirrined Lius:

Y=, ¢ | ()

The thicknees of the layer therefore ecusls:

=g (|4 ¢) -

The quantity ¢ is a function of x apd of time t. If it is asewed tra
the profile of tke free surface does not . hango enf moves Wil Cous b’ [a&Ec
veloclty k, then can be regarded as & fumction of one veriabls squl to
(x = oxt Then all the quantities appearing as functicns of ¢ s Auoly PmmT

¢ ), eatisfy the fcllowing partial differvertial equation:

k.oF - _2F
;x Tt {n
Horsefter differentiation with respect to x will be designated by means of

dote.

The average of any function of ¢ , taken with respect to length and time,
is as follows:

=% g'faﬂ dx= f(@) dt; 2=—T,

averaging along x wvill be designated by a lins.

8)

Bxaminction of tie problem shows the possibility of taking one variadls,
say x And placing 1t in an expression for ¢ vhen t==0, We vwill consider the
proceps. as steady, when the thiokmess of the layer a hse a constant mean value
aqual to:

a,= @
Consequently from expression (5)

¢ =0 (20)

Froa equations (7) and (k) ve get

-5%2 a.(k-v)ﬂc

The differsnce between the velocitlies k and v vwill be uecignated by u; this
is the velocity in the sectici. relative tc an observer who 1s moving with speed
k of the wave fromt.

(11)

_3-
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Then we have

v=k—u ! v,=k—an, ' () .

vwhore V, and fue doslignate the velocity in the middle eection of the atream
a,‘". From (11‘ i1t follows Ve

At Wl , W Consl.

) (13)
The average dissharge Q@ of the fluld according to expreseion (8) is: EE St SN
To ‘ ‘ L
Q*'T‘L‘J. va . dt=va ’ T
] A {1k) [Nt

Substituting the valus ¥ from (12) for steady flow, we find Q equal to

A= ko —iia == ke, =ae0 @ ™%

Equations of Flow

For ordinary laminar flow of a ligui?, the comstant volumetric forge, which
is equal at every point to the viscosity force, is equal to - (32vx /P y2)-
.- I Let us assume the following restrictions: the velocity at the wall is’ equAl to
v : s zero; on the free surface the tangential tensions equal zero; ani the velosity
' gradient aleo equals zero. By integrating this exp:.smion we obtain the well-
¥r vm quadratic expression for the distribution of velocities along & section
(y: wsrdinate): :

fo=’.6 V. (/—E
(16)

vhere V is the mean velocity in the section, determined by ozpression (3).

In a wave irvolving oapillary and inertia forces, this simple distridution

can be disturbed. In the examination of flow in thin layers, we shall limit

ourselves to the case where wave length exceeds layer thickness. Since in this

Jas0 viscosily forces play a basin role, then restrictioms involving thom

(velosity at the wall squals zero) should be maintained. Iscause of this, it

can be aszumed that the quadratic distribution of velocity without caleulating

the higher terms of the serieg in (3/5., ) 11l bs sufficiently charecteristic . »
~ of the flow, even for wave cyclss. SO .

M _ Dus to the smll ratio of section to wave length, the influence of com-
EERE I ponent Y34 can also be neglescted., ThLs Naville-Stokes' equation relative to the
x-axis will appear as: ¢

. . -8
: ¥ L 9vaTem | 2P 2
: 5t T Z on 7 ox Td+tv VvV vx )
To solve this sgquation, we introduse for each t~rm its mean valuae along
‘ the section (y-coordinate). Thua, for quantities I4 and V> ve use equation
(3) am2 (1€), respectivoly, and obtain:
a

—a','- Svf‘o dy=n

0

‘ cop B :
TV (18)
-4 -
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Changing, in accordance with (T7), the derivative with respect to time o
the derivabtive with respsct to x, we obtaln; - - ;
2%y

Eg“g (}‘yt’kV?:“??f +J_‘3v®" ’u"ax& (1) ‘

We are locking for the approximate valus of the functiom } that satis~
fles this equation and possesses & gteady-state periodic charaster. We assunme
that in espression (5) the amplitude of cscillation of the wave purface will
alvays be legs than the ave; thicimess of the layer 2, . From this it
foliows that the amplitude 7‘;’ is less thamr unity:

/ f/ </ (20)

We will evaluate the order of magnitude from the expomemta of ¢ oocuxring
in texma with the eame cosfficientes. We alsc assuma that the derivatives of ¢
are determinad by the following relaticns.

/}/3 ay [$]:]3/°2ad | ¢] ote,

In owr exaainations of liguid Plow, the pressure gradlent im equation (1)
oan be set up in two waye: {1) rressure of a gas current on ths liquid‘’s fres
eurface; and (2) forces of surface tension.

(21)

First, we shall examine the flow in the abmence of a gas current. Accord~
ing to well known expressions for pressure greadients produced by capillary
forces it will equal

PP > 4 :
FZ3 % (/+w~)f/z (22)

According to comdition (21), the denominator can  be conatdered as equal
to mity, ocorrect to the mecond term of its expansion.

First Approximation

We will introduce into equalion (19) the fumction @B.  According to
(6), (12) and (13), the velocity ‘¥ and its derivative with respect to X ar-:

.

Vak-- -.___

W ( i
'f'¢ Ci+ ?) * yS (23)

e will introduce the symbol 2 for the ratio of phase velocity 4k
velocity 55 H

) 2 = Vé (24)
If all ocefficlents retain only high-order terms, theu equation (19)
yoilds the following:

e, §'s v,‘(i.'--/)(ﬂ‘—ll) $+3(j-2 ) p+(j %) =0y,

- © CONPIDERTIA | -
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When @=0 , we heve simple larinar . Daslgnatin tne thickness of
: ths layer of the ocwrwend Ly P anl bl oy Selhty iy W ands Iatroducing DT s S R [
the symbol @ from (15), we get from this exprase!mm “he generel relatlonship :
: -

jm=3y wmt==3v Qm™ o

When ¢ is not equal to zsro, we geb = limsar 1'ffcrontial aquation of
.y the. third order. In order thet it may have & gicafy-ctats pariodlical solubion, -
. the constant term and the cosfficlent of ¢ must 9quel zerc.. It follows from : y
thie that the relation in (I) ckould be maintainsd, end !hnarefors, 'n the first G
approximation in wave flow, the thickness of the layex Ay will approximats PR
the thickmees » which appeare in uswal laminar flow. ke velocity Vo im RAr " |
the average section also equals the velocity w in the first epproximmilion. L

Setting the coefficient of ¢ equal t3 zero Ziver:

S . -2 Vg
(n i

’ This ejuation 1g important for the existence of shomdy-.ule Deriodic flov.

kg Substituting in (II) the valus of j from (I), we ge~ thei ln il cucon 8

3 ghould be pogitive &nd in the first appreximaticn XS 3 . lGuneennently,
the phase veldoity K along the direction of flow e 'Li:: tli-r "he cvadag:s
velocity 7} in the sectlon of flow, "

If the length of the waves is desigpated by A und there is introduced
the symbol:

LT

h=—

PN ’ ' (x11)

then the veriolic solution sought for is:

P=o - sin nx 3 (26)

The quantity of is called the amplitude. The quantity 7 is determined
from: : . ’

2 2 N~

Ni=(E—1)(2—12) V, (& a‘) -

For given & and @, , chi: expression establishes the length of the
waves. The quantity % Iis devermined iiom (13) by the discharge §. lLatez,
Q will be made imdependent variable by means of the functions of which we will
study the flow, )

Ssoond Agiroximation

To 2ind ths Zegrse of accurecy of the firet approximation and the restric-
tloms unier whic) wave flow can take place, second approximation ls necessary.
The second approzirmtion ie obtained by intrcducing into equation (25) tnorms
with of “he gecond order of magnitude. Eaving done this, we get the
following nonlinear éifferential egquation:

: Sa, g (1+34) + v C=—1) & -1-2) (".s%f?)' p+
ipedi-e ERIpr =) =0

. (Note! V Greek nu®)
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Wa are now looking for o gteble steady-gtets poriniisc soluiion of this
. equation after edding to solution (26) seme terms of goubia neriodicity. .The.
terms of the second order of magnituds may similerly be eet equal to zero,
after obtalning the following:

;o B
—_— f 2 — J X . $in L2RUA s
¢~.ar-sm nx 4 028 XTces Anx %, 8

In order that this eclution may result, the sarlier conditon (II) of the
squation must maintain the null valne of the coefficiernis of . Equating
g to zeyo the conatant terms which ars independent of ¢ end substituting (V)
=, in equation (27) gives:

VOt Ea*)=3vy o> )

This equation shows that in the second approximetion ths evers. s thickiess
" Qup of the layer is actually related to emplitnde & . Wa will desigmate by @
the ratio between average thickmess a, ©of laysr end thickness 72 of lzyer -u
a laminar flov with dipcharge Q:

Zpy==@ M ()
: Then from «-Tressions (28) and (I), we obtain:
e o ’
+~ .
€ / (30)

It i clear from thie expreseion that ¢? depsnds on the amplitude and will R
always be less than unity and that consequently in a wave flow the average )
thickness of the layer will be lese than in a laminar flow. As will be clear
vhat follows, this makes the steady-state wave flow more stable then the laminar
flow. Expression (IV) determining 7, 1.e., the wave lengdh, remains wichanged
in the eecond approximetiom,

Expression (V) ehows that ¢f pomssesses a second-harmonic term cos 277%
dus to lack of eymmeiry in the conditions of liquid flow. When the gquantity
Vesones lssr than its average value Q,p s then the corditions of flow will be
dietinguish2d from those vhen a has & valus greater than a., . The coefficient
of Cos 2 is small; this shows that even at significant amplitudes the
simple sine furm £ the waves will not esgentially be altered.

The term with &/ 2ax arisec in a vave flow because of the abaence of
eqiilibrivm between viscosity and volumetric forces. In maintaining conditiom
(1I), this absence of equilibrium will only cause ths formation of harmonics of
the sscond or higher crder. The size of the ccefficient of these terms rapialy
decreases with increase in %7, with shortening cf the wave lsngth, since 7 : :
enters into the coefficient as of the third degres. A noticeable influence on : RIS .
the vave nattern will be shown by this term only vhen ware flow arimes. Becauase R :
of thie, the influence on weve pattern by a term with S/m 2m 2 can be disre-
éaxrded prentlcally throughout the range of wave flow., This ter: is necessary
to create the oritical ounditons for the occurence of a wave flow. Thus, the
sscond approxine..on showe that the sine form represents well the pattern of
the wave surfacs. It may be presumed that terms of the nixt order will have
even less influencs, but thseir calculation is awkvard,

1f in expressicm (V) tims is introduced, then the periodic solution 1in the
socond approximation for @ will be:

a= g, [I1+x-sin nlx—kt)+ 0.28 «* coc 2x (x—kt)

_4‘)-,8 -sin 27 (x—kt)-;-----_]

(ve)

(ONMrN.
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The amplitude @ ocan be determined from the stability conditioms of
wvave Tlow and energy balance, In the examination of low cupditions, ensrgy
dissipation will be found to occur only as & result of viscosity forces. We
vill designate by ol £,4 the amount of energy dissipetion in an elemsnt of
volums oonslsting of &n entire cross section of flow and in eloment length of¥;
thes in acdcordance with & well-known hydrodynamic formuis /% / and with cer-
tain reptriciions, 1t will equal

a
v\ >
dE = = e 5 (9y) Ay (31

Substituting the value ¥y from (16) apd integrating, we obtain the
dlesipation of energy in the elsment of length dX :

dEu=—3u-L . dx

o

The average dissipation per unit length equals:

g E &= Speryx=r (32)

Substituting the vales of v and & from expreselons (¢) and (23} and the
value of 3 from (24) and destgnating the function by /£ , we then have:

A 2
(l+2
,l-'-.)i f—'?l_(/: )J) . dx (33)
[]

ve find thet for discharge (] the average dissipated energy per unit length
equals

— —_— . _al .
E,=—um Qia;" F (34)

Ir '-0 ; 1.8,, 1 wave flow is abgent, then Fe=| and the dissipated energy
equals that in the usval laminar flow,

. Dissipation energy oocurs only becruse of the work of volumetrio forces. e o .
‘ The average work per wnit lanqh for dlscharge () equals

Ej~jpv2=jrQ (33)

For a given discharge ¢, thic -ork is oonstant; oonsequently the amount of

energy Em Alssipeted during a stesdy-state oyols is conrtant, Compering
this and the previous expression, we get for the average thickness of the layer

GaGl==3y Q'J-"F (36‘)

It is olear from this expression that the smaller the value of F, the
amaller the average thickness g, of the layer.

Let us compute the guantity F . Ve will assume that a definite integrel : ,
of the following form is known:

A
dx
+ gm=f(‘1”

0

(37)

-8 -
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Difrerentiating 7[ with reepowct to the parar-ter ¢ or b and then sciving ¢
and b egual to unity, we can thon obtein all oFf the thrae tyvem of integrals
into which expressiom (33) breaks duwn, if, fur examp':, sre parentheses of
the numerator are removed, thus: :

A

Lol o (Cdw

Z Jk* ff// PN yr/+¢)3 (z8)
- / ‘

50X1-HUM

etc,

Re, ing only the steady-state periodical flow, let us introduce %ns

funotion from (V) into expression (37) anl limit owrselves at iirst bo
terms with the first harmonic. Then we will obtain the well-;own integrel:
X !
L —:"‘Z“'-——-‘-‘(bf—c?“d“‘) ~z
A b+cx.sinnx (39)

4
Carrying out the indicated operations, ve get for F s exprosslons

Fm-‘zl':“[l+a"[[..6£+22(' *2“2-)]} ,(,__d'a_) —g (40)

The ourve for 22 versus X when /=) is shown in Figura 2.

A It is clear from the drawing that this curve and the 2 -axis ie toe maximum
5 clossd area and that points lying within this area corresponding to vailuse of
& and A" wvhen F L 1.

To find the minimum value of F, we construct the curves when 3F/8 é’( ‘-)—'-0
o and 3 F/ozm =0 (Figare 2). The intersection of these curves gives the

- ) voint M with coordinates Z==1,5 ani X*==0,5; there F&a= 0.7, which 18 the
. ' . lowest possible value of this function.

Let us spuppose that in a liquid flow of ordinary laminar nature there
occours & fluctuating sinusoldsal disturbance of such a chamoter that its phase
velocity w'll have & value falling in the area defined by the curve 1or Fmsl.
Then the dissipated energy E ., will be smmaller than the energy E i trane-
mitted to the flow. Thus the{': begtne a growth of kinntic ana capi y
energier which leads to an increase in the amplitude of oscillatlicn. This pro-
cess will last until F reaches tle allowed minimmm value and the thickmess of
the flow contracts to a valus determined by expressicm.(36).

8ince, in this work, we are limited to stemady-state periodic sclutions,
then in order that F may have the minimum value, tho value of £ must sasisfy
: condition (II) for equating the coefficliemt of ¢ in basic equation {2¢; %o
zoro. :

Substituting the value j from (I) end &, from {29) in expression (II), ve : - .
obtain: i )

Z =389 (1)

If we comec~s expression (36) in a wave flov with general laminar flow
(1) amd introfucs the ratio of thickness &, to m from 129), then we obtain:

3 —_—
i Bi=r=4%.2 (s2)

Thie equation, together vith the oomdition for the minimum value F, deter-
mines the cuantities X% and z. To solve this problem. we ocaloulato the valus
of Fm corresponding to the curve aF a(q.,_)as 0, We plot the ourve px.==? Fm

. S CONFIDERTIAL
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tnd £ind the point of ite Intergeotion. ity the muwes,
Indicated in FPlgure 2 ae 0 and sives tus deoxii+t wval
& andl &% . If ve rouni of7 the caleunlsta’i nuwrh
accuracy of a slide ruler, thea we obtain.

9F/<9&'*)=-3. T4 s
= 2 the quantities
rin the Umiive of

A =02 A= 0,46, BE=2.4, F = Ga;-"—-'- 0.80rB=0, 9¢(v1)

Thus, in accordance with expression {29), 1t i3 scen that in steady-atate
pericdic wave flow with equal dlscharge ~atem @, the arverage thiclmese [~
of the current during wave flov wlll be aprroximetely 7 percent less than m
for laminar flow., From the obtained valuc o (X it ie ¢laer ‘hat the ampli-
tude of waves for all values of the disckers: retes Q will heve & certain
slze, equal to O.46 of the average thiolmess &, of the flov, The pheso
velocity will be equal to 2.k of the velociily Vp 1in the averzge racticm,
l1.0., 1t conelderably exceeds ¥, .

Having the first approximation for X%, vs can ovaluate the errcr
- brought sbout by omitting, during the caioulat! m of lnsegrels (39), the
seoond-harmonic terms of expression (V) for ¢ « TIL car Da shown thet this
orror is of the ordsr:

(0.28%)*= 0,01 ¥ | (43)
i.0., less than 2 percent, .

Lot us assume that the length of the wall along which the liquid flow
from 1ts point of supply le ec'al to x, &nd is sufficlently large so that the
flow over a great part of the length 1e steady. Then for a given discharge
rate Q, the potential energy of this layer will be equal to

, , ,
.B , T 4,X,2 46 L (u)

With complete equilibrium of all remaining forms of energy and with
steady-3tate flow, the most steble will be that type of flow for which quantity
{4k) hap ths leest valus and comsequently for which the mean thickness Q, of
the layer will be a minimum., Thue, for a given discharge rate Q, since a, will
be emallar than m, the studled wave flow will be more stabls than the laminar
flwt

‘It muet be noted that our analysis evea within the limits of accepted AT
. i approximations does not permit ascertaining whether the steady-state sinusoidal L
. wuvs pattern fexpression (V)7 obtaines frou equation (27) is the most stable ‘
) tyrs of wave flowv. A more complete mtudy of this type of flow will probably
‘ leed %o the finding of wave flows which ocour at even smaller average thick-
. nessae of the layer and which conegequently are even more stable, It can be seon
thet thens types of flow will appear as variations of the obtained sinusoilel
» flow in which the wavee will appear bunched and the amplitude of the waves some«
- . vka’, larger and the phase velooity somewhat lower. In the first steps to study-
ing tais type of flow, the periol solutiom, as was obtained by experiment, can
gexve re & goold sppraximation for descridbing those physical effects discussed
in the introductiimm.

Naximm Values in dave Flov

Subgtituting in expression (IV) the values obtained for z and ¥ fram (VI),
introducing discharge rate Q ani using expreasion (36), we obtain for n°:

- / J 2
) 2= (a-)E~1.2) g% =073F )
- 10 -
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Frowm expression (IIT) we get the wave length: ezual %o
P Ry
Ry

The average thickness of the layor is determined from sxgrossion (36) by
substitution of the value F==0.8:

072&34(7:)45—){’? R

These two expressions permit determining thal range of Re and discherge rate

Q allowed due to the mature of our smolution. Tho exiremal values of the
derivatives (21) determine the wave length 1limtts which approrimation actuelly
permit us, Pubting the values of ¢ and o ‘n (21) ve get: :

2? ’
"7%";" >%?==T ==/3,7 [jere: gt: stra 'S_MJ (46)

This expression determinss the least wave length at wilch X ené 2 osa bs
eonsidered to depend only slightly on the weve iength; tio shorior the wave,
ths less dependable the adopted approximation. Of couwr:., *ils arzangement
doss not Limit the existence of the wave flow an’ at :.:.ller wave langths, o3
was showm, it can be seen that a decreass in vave lemc.'h cuw :n K o grow and
% to decrease. Conditiom (46) also agrees with our oSher demendr that weve
length ghould be significantly langar than thicimess v the ghreei.

(vir)

The maximm wave length at which ware flow begins cennot exactly be solved.
It would be most matural to determine those values of the coefficients contain-
ing the quantity 7 in ouwr expression (V) which permit a complete solution.
Having only the firet two (sic) terms of this analysis, we can only assume that
tha convergonce of the series will be assured when the coefficient of X® sin L77x
is less than umity; that is:

JfAra, 8 | | -

Thie inequality dctormines the least valus of n.

The maximum value at which wave flow occurs can be ascertained from the
~ following rore physical consideretione: Let us find the mean potential energy
of surface tensiom per unit length of flow. It equals the surfane area of the
wares multiplied by o ¢

Ey—o [i+(a.9)31% L)

Sabstituting the value of from (V) and keoping only the largest terms
12 1, w6 tron obtain:

——

Fo =2 oatain® [I-M( L
Eo 300,¢ 44,8 49)

It is olear thei ‘norsace in A and, coneequently decrease in n, as_long as
the quantity ia Lho parentheses is cmall, causee the surface energy Eo- also
to decrsass. Bv: vhen the term in the parenthesss becomes large, as for a
certain wave lencth )\ ) & change of sign occurs it the derivatived F E~]/8M
and the ensrgy begine td increase. Fhysically this corresponds to the Eppear-
ance in ths regions of the wave peaks of & noticeeble roverse hend tending to
break them up. Suoch wvave patterns can be assumed to be unstable; thus maximm
wave length is obta’nad from the equaticn:

2Es
) 3w —O (50)
-1 -
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Disregarding the variation of @, with wave lemgth, from (2] o get

JfAma, s € 077 (51)

Sinoe n imvolves the cubs root of the right quantity, both sxpressions
(47) and (51) give approximate values for the critlcal suvs lemgsth. Teldng
Inequality (51) and introducing the value of n from exproscion (45), the
wayimm ratio of A\ K %o &, becomes

A 7\5 ' -
Coy g & =138 v~ Qk (52)

If we introduce the value of the Re number from {1), we oﬁtain for tae
Unit of wvave flov, upen substituting values from (VII)} =nd (VIII):

83 )41 Ak
Eeka 2.43 m) == 0,3 oy (1X)

The critical value of the Re mumber thus obtained, as will De clear from the
data given, establishes definitely the tramsition point from lawinar flow to
wave flow. ‘

Description of Wave Flow

e The results obtelned make 1V poesible Lo deaseiibe perlcdic wave flow of &
¢ liquid layer., Figure 3 shows a stream mection caloulated for a certain moment
- . of time on the basie of expression (V). The scales of ¢, and A were sc

selected that the diagram would be of convenient size. Actually the ratio of
wave length to section is considerably greater than that shown in the drawing.
The ourve relates to the case where the coefficient of sin 2nx 1is zero. BSince
this term involves n'3, ite sige after wave formation will rapidly decrease e
with increase of discharge rate J; the wave pattern approaches the described .
owvs., Figure 3 marks the average thickuess @, of the layer and also the '
thickness which would have been present for ordinary laminar flow,

The average velocity in any section of the current is determined accerd-
ing to expressions (12), (23) and (24)3

=y, (2"% (53)

By substituting ths values of z and ¢ ; the velocity can be calculated
: in any seotion. The mazimum velocity Vamis obtained in the widest part of
‘ ths ouxrent. In the naxroweet part, the mesn velocity Va. is not cnly low,
but is also negative in direction. The meen velwsity ¥ along the length of
: the -tream can be computed from expression (53) und integral (39). The quan-
. tities caloulated for the wave pattern in Figure 3 are:

Ym=199V,; Vo= 0.2 V,, V==0.83Y,  (su)

In a cortain section of the wave, the velocity equals zerc. The position of
thip eaction Is isterminel froa exprassion (53) by squatiug to zero. In Figure
3 the sections vhore velocit; is zero (re marked by the linse €O,

In every section the dietribution of the velocity along the y-axis, accord-
ing to expression {17), is a quedratic function in Y. Thus on the surface of
the current the velooity will have the greatest value and is 1.5 times the mean,

. In Mgwe 3, the vel: ity ie schematically indicated by arrows at various points,

" In oxanining the pich =~ obtalned of the velocity distribution, tke flow can

. oluarly chareocterizsd - ot as & vave, but as elongated drops uf 1lquid rolling
along the wall,
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Thus analysls chove thel, beyomd a corbaln thickmess of laysr, attsined
et the critical Re velus Rey (IX),. the :ors =tobla £l sorresronds, to bha
breaking down of the stream into geparats drops. As was slrsady mentioned,
although the period solution found is mor: stable than the lamimer one, a )
rore complete and exact emalyesis may uncover the possibility of an even less ' Y
regular structure for the wave suwrface. Thus the dimensions end distridbution ¥ ;
of the drops mey not always be regular, as Dresentsd in Flgwe 3, although the
average valuss of amplitude and wave length and phese velucity should not vary
too much from thope obtained. The tendency $o gather into drcps im tha stream
may aieo ocour not only along the x-axis lengthwige with the direcsion of flow,
but also along the y-axis perpendicularly. The problem here ceases t¢ b9 two=
dimensional, and its solution eancounters further methematical difficultiss.
Experimsntal study of wave flow can significantly ald in further amalyeiz of
this complex type of flow,

Comparigon with Experimentsl Date

In FL 4 are included the ratios N Gp calculated from expressinng
(VII) and {VIII; againet verious velues of the Re [ i_/ number, Ior water am
tuolens and liquid air; the flow ocours along a verticcl well wndsy the influ-
ence of gravity (J==981). The accepted physical commtunss are glvsn In the
following tabley

e o Re, Regr
Vater . 1 0.5°10-2 T1 23 207
Tuolens 0.86 0.55+1072 29 21 170
Liquid air 0.9 0.174+10-2 9.k 2y 215

In Figure 4 the atraight line is determined by equation (IX); its pointe of
intersection with the cwrve give the values of the critical Rex and 1,{40 .

The quantities cbtained are placed in the table. As can be seen, the Rey
values l'e olose to the experimuntal cnes [ 1/, 25 - 5. In the drawing, thero
is also a horizontal straight line given by equation (46); i1t intersects the
ourves at points corresponding to A Goo up to vhich (points) the
allowvances made in the calculations ei my be oonsidered as realized. HKegy -
corresponding to these values ia aleo indicated in the table,

TLs acouracy of the data for the thickness of the stream cited by various
authors doen not permit a reliable check of the T percent differcnce between
the thickness of the layer, caloulated for laminar flow (I) ama for flow (VIII),

. During a wave cycle the liquid found on the outer aurface will move with
the greatest velocity, which will alwayc be less than the yhase velocity. The
liquid particles thersfores, found in the outer surfaces will, consequently, be
found in succesmicn in various parts of the wave profile and their velocity
vill not only cbange in quantity, but also, as was shown, even in sign. The
o8an velocity of the particles om the ocuter swrfacs equale 1.5 Y according
%o expresaion (156) and 1.25 v, acourding to the data in (5h). The velocity
will obriously be lesn, in comparison with iaminar flov, than 1.5w, eince
~ velosity vo ie only 7 percent greater than w for ti sene disclaige ia'w Q.

At the bex nning of thie ayticle, it wos indicated that Friedman aad Miller e :
[1__7 chaerved & iffusion rate of dye in a ligwid equul to & velooity 2.hw, L :
Thus, this high value canro% bs explained simply by an inorease of the velocity o
of particle mot’m of a liguid on the surface during wave fiow. Such rapld’
diffusion of dy» in the stream is actually comditioned by the wave oharacter
of the flow, but itz arigin is somevhat different. To make ite mechsniam clear
. we will examine the model in Figure 5.

° Let us agsumes ‘hat the narrov parallel gap between Plates 1 and 2 is filled

with liqueid and on the left, the shaded par®, the liquid is heavily tinted up
to the limit dusignated by line cd (Figure SA).
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Now to the upper Plats 1 there is.applied & horizontal oscillatory motion with
amplitude b and period T. -Then in a period T the unmer plate will ta'e the ..
position described in Figure 5 B and the limit of the tinted part cd will now
be inolined to the right. In the time of movement 4T, the dye will diffuse : ‘
due to the thinmness of the layer through the layer and renetrate into the sres A
below, and the border of the colored area will extend to the line o unity, d. '
In the time T, the upper Plate will return to ite original position (Figure

5 B), but from the diffusion through the thin layer, the fluid will remain ¢ 4.
During suoceedizng oscilistion, the process will be repeated (Flgure 5, G), dut
néw the Limtt ¢ 4 oy the diffusion of dye will be found in the expansa b from
‘the left end of the plate and will expend to 2b. After completlon of the
socond ogotllation (Figure 5 D), the coloring of the liguid in the gap will
first be intensified in area and secondly, the limit will be extended to the
area 2b, The progess will gonbtinue in this wmanmer and although the liquid on
the average will nct have a longltudinel flow all the dye will be found to
diffuse with an avéerage velocity of b/, In sush a process, cf course, the
intengity. of ‘the oolor along the path of diffusion will mot be equal ami will
alwvaye ‘decrenss toward the sdge.

) .1t oan be. considered that & similar effect ccoure in ths ¢iffusicn of o
dye ‘along e thin layer of flowing 1liquid ‘during wave flow. Fere the color
- Umit il move with the maximim velosity in the styeaw. Accordiing to (53),
CitiieTequal to V== 1,5 V== 2.1 v. or 2.3v of the mean in leminar flow, if it
were possible for the  laminar to take place at the same discharge rats Q.

If ‘the veloolty cn the suwrface of the liquid at 1ts peak during leminar
flow is We=1,5v; then from the exprossion for discharge (15) we have

. QR
W= /.5'—»-7—- (55)

If we substitute the valus of m from (I) ani let J==981, ve then obtain
for laminar flow:

G (wv)’=1100(§v)* (56)

Similarly ve get for wave fluw:

Vom==2.1 Q . ;" (.
_ Substituting the value of a, frcw (ViII) ws got
(Vv = 3800 (4v)* (58)

I2 the quantitles within parentheses in (56) ami (,5) sre taken as coordinates, thenwoe
‘et tvo ourves. In the laminar ares, the diffusion «f dye will follow the ocurve
for (56) and besyond the value Qy (525, at which wvave flow begias, it will follow
the owve for (58). The curvs thus obtaimed is shown in Figure 5. Friedman and
Killer graphically presented the results of their experiments with water. The
pointe gbtained by them for the velocity of dirfusion of dyo are copled in

Figure 6,

Considering the difficulty of visual observation of the diffuse edge of the
dye which obriously ooocasions the great dispersion of the points in Pigure §,
the oonformity of the erperimeatal data with the calsulated curve can dbe scon-
sldered satisfactory, The correctness of ths prasented mechanism of the process

i of dys Giffusion is substantiated also by the fact that, in the experimente
cited, the authors r>int out that the edge of dispersion of the dye wvas greatly
diffuged.,
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